Abstract. In this paper the authors aspire to obtain the approximate analytical solution of Modified Burgers Equation with newly defined conformable derivative by employing homotopy analysis method (HAM).
Introduction
Differential calculus as a subfield of calculus is related to the rate of the changes in quantities. And the process of finding a derivative is called differentiation. Generally we all accustomed to derivatives of integer order. But -as is often the case -such integer order derivatives do not suffice for describing the real world phenomena. Because of the complexity of the problems arising in natural world, scientists needed a new version of derivative of not necessarily integer order. For this reason they plunged into a quest for them in explaining real world phenomena. So the adventure of the fractional order derivative started. In 1695 L'Hospital raised the question "What is the meaning of d n y dx n if n = 1 2 ". Leibniz replied "This is an apparent paradox from which, one day, useful consequences will be drawn". From then on many versions of fractional derivative have been proposed, for instance Riemann-Liouville derivative, Caputo derivative, Grünwald-Letnikov derivative etc. ( [12, 7, 15] ). Nowadays a new, more applicable, more understandable derivative called "conformable derivative" has been introduced ( [6] ). Definition 1. Let f : [0, ∞) → R be a function and α ∈ (0, 1). The α th order conformable fractional derivative of f is defined by
for all t > 0. Let f is α-differentiable in some (0, a), a > 0 and lim
and the conformable fractional integral of a function f starting from a ≥ 0 is defined as
where the integral is the usual Riemann improper integral, and α ∈ (0, 1].
As it is seen this new derivative looks like the limit definition of standard derivative and satisfies all the requirements of the standard derivative such as common formula of the derivative of the product of two function, formula of the derivative of the quotient of two functions, chain rule etc.
To examine the applicability and usefulness of the conformable derivative, scientists made huge number of scientific articles on it ( [5, 17] Some properties of this new definition are given in references [6, 1] . In this paper Homotopy Analysis Method (HAM) is applied to modified Burgers equation to obtain the approximate analytical solution. HAM includes an auxiliary parameter which is used for adjusting and arranging the convergence region of the solution.
Modified Burgers equation which is one of the important type of Burgers equation arises in various scientific areas such as, plasma physics, solid-state physics, optical fibers, biology, fluid dynamics, chemical kinetics etc. ( [14] ). As a consequence of this importance, scientists paid great attention to obtain the exact or numerical solutions of modified Burgers equation.
Homotopy analysis method
In order to show the fundamentals of HAM which is an effective and powerful mathematical method for finding the approximate analytical solution of nonlinear partial differential equations ( [16, 13] ) let's give a brief description of the method. Consider the following differential equation
where N is a nonlinear operator, x and t show independent variables and u(x, t) is an unknown function. By means of HAM, we can construct the zero-order deformation equation ( [9, 10] )
where p ∈ [0, 1] is the embedding parameter, = 0 is an auxiliary parameter, L is an auxiliary linear operator, u 0 (x, t) is an initial guess of u(x, t), φ(x, t; p) is an unknown function, succesively. In this way, it would be conceivable to choose auxiliary parameters and operators in HAM. When p is chosen as p = 0 and p = 1 it is obvious that equation (2.1) becomes φ(x, t; 0) = u 0 (x, t), φ(x, t; 1) = u(x, t)
respectively. Thus, as long as p differs from 0 to 1, the solutions φ(x, t; p) changes from the initial value u 0 (x, t) to the solution u(x, t). If we expand φ(x, t; p) to Taylor series with respect to the embedding parameter p, we get
Then choosing auxiliary linear operator, the initial guess and the auxiliary parameter in a proper way, the series expressed above converges at p = 1, and
which must be one of the solutions of the genuine nonlinear equation, as expressed by Liao ( [10, 11] ). With reference to (2.2), the governing equation can be reduced from the zero-order deformation equation (2.1). Define the vector − → u n = {u 0 (x, t), u 1 (x, t), ..., u n (x, t)} .
Differentiating equation (2.1) m-times with respect to p, then setting p = 0 and dividing by m!, we obtain the m
where
and
It should be emphasized that u m (x, t) for m ≥ 1 is governed by linear equation (2.3) with the boundary condition that comes from the problem. Hence, it can be easily solved by using symbolic computation software such as Mathematica.
To show the effectiveness, convenience and applicability of the methods on nonlinear CPDEs, we employ the method to the conformable Modified Burgers Equation given in the next section.
Application of the HAM

Consider the Modified Burgers Equation ([3])
where α ∈ (0, 1), the derivative means conformable derivative, with initial condition
obtained by giving the values r = 0, ν = 1, c = 1 to the analytical solution in article [3] . To solve the equation (3.1) with initial condition (3.2) by aid of homotopy analysis method, let us consider the linear operator defined as follows
with the property
where s is constant. From the equation (3.1) and for the given special value of ν = 1 the nonlinear operator can be defined as follows
From the properties of this new definition given in [6] , nonlinear operator can be written as follows
Thus, the zero-order deformation equation is set up as
By choosing p = 0 and p = 1 we get φ(x, t; 0) = u 0 (x, t) = u(x, 0), φ(x, t; 1) = u(x, t).
Therefore, since the embedding parameter p increases from 0 to 1, the solution φ(x, t; p) differs from the initial value u 0 (x, t) from the solution u(x, t). By expanding φ(x, t; p) in Taylor series dependent to the embedding parameter p:
Supposing that the auxiliary linear operator, the initial guess and the auxiliary parameter are properly chosen, the above series converges at p = 1, and
which must be one of the solutions of the original nonlinear equations, as proven by Liao ([10] ). Then if we differentiate equation (3.3) m times with respect to the embedding parameter p, we have the mth-order deformation equation
The solutions of the mth-order deformation equation (3.4) for m ≥ 1 result in
By using (3.5) with initial condition given by (3.2) we obtain respectively
. . . So, the series solutions found out by HAM can be written in the form
The series solutions of u(x, t) can be obtained by using (3.6).
The auxiliary parameter , which is involved in our HAM solution series, provides us with a simple way to adjust and control the convergence of the solution series. To obtain a suitable range for , we consider the so-calledcurves for different values of α, shown in Figure 1 , to choose an appropriate value of which guarantee that the solution series is convergent, as pointed by Liao ([10] ), by finding the valid region of which corresponds to the line segments nearly parallel to the horizontal axis.
To show the applicability of the method, the HAM solutions given by (3.6) of the conformable Modified Burgers Equation are compared with its exact solution from [3] u(x, t) = − √ 3 
Conclusion
In this paper, HAM is used to obtain the approximate analytical solution of modified Burgers equation where derivatives are denoted by conformable derivative. It is known that modified Burgers equation is one of the attractive nonlinear equations because of its applications in number theory, gas dynamics, heat conduction, elasticity theory, turbulence theory, shock wave theory, fluid mechanics, termaviscous fluids, hydrodynamic waves, and elastic waves. Consequently, it is seen that HAM is an effective, efficient and suitable method for obtaining approximate analytical solution of conformable fractional partial differential equations.
